
HA = Table@a@i, jD, 8i, 2<, 8j, 2<DL �� MatrixForm

K a@1, 1D a@1, 2D
a@2, 1D a@2, 2D O

HB = Table@b@i, jD, 8i, 2<, 8j, 2<DL �� MatrixForm

K b@1, 1D b@1, 2D
b@2, 1D b@2, 2D O

ArrayFlatten@Outer@Times, A, BDD �� MatrixForm

a@1, 1D b@1, 1D a@1, 1D b@1, 2D a@1, 2D b@1, 1D a@1, 2D b@1, 2D
a@1, 1D b@2, 1D a@1, 1D b@2, 2D a@1, 2D b@2, 1D a@1, 2D b@2, 2D
a@2, 1D b@1, 1D a@2, 1D b@1, 2D a@2, 2D b@1, 1D a@2, 2D b@1, 2D
a@2, 1D b@2, 1D a@2, 1D b@2, 2D a@2, 2D b@2, 1D a@2, 2D b@2, 2D

Unprotect@NonCommutativeMultiplyD;

A_ ** B_ := ArrayFlatten@Outer@Times, A, BDD;

A ** B �� MatrixForm

a@1, 1D b@1, 1D a@1, 1D b@1, 2D a@1, 2D b@1, 1D a@1, 2D b@1, 2D
a@1, 1D b@2, 1D a@1, 1D b@2, 2D a@1, 2D b@2, 1D a@1, 2D b@2, 2D
a@2, 1D b@1, 1D a@2, 1D b@1, 2D a@2, 2D b@1, 1D a@2, 2D b@1, 2D
a@2, 1D b@2, 1D a@2, 1D b@2, 2D a@2, 2D b@2, 1D a@2, 2D b@2, 2D

MatrixForm �� 8Id, s1, s2, s3< = :K 1 0
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b@x_, y_D := x.y - y.x;

MatrixForm �� 8b@s1, s2D, b@s2, s3D, b@s3, s1D<
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H = 4
1

4
Id ** Id - s1 ** s1 - s2 ** s2 - s3 ** s3 �� MatrixForm

0 0 0 0

0 2 -2 0

0 -2 2 0

0 0 0 0

MatrixForm �� 8b@H, Id ** s1 + s1 ** IdD, b@H, Id ** s2 + s2 ** IdD, b@H, Id ** s3 + s3 ** IdD<

:

0 0 0 0

0 0 0 0

0 0 0 0
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>

HH2 = 2 HL �� MatrixForm

0 0 0 0

0 4 -4 0

0 -4 4 0

0 0 0 0

Eigensystem@H2D

888, 0, 0, 0<, 880, -1, 1, 0<, 80, 0, 0, 1<, 80, 1, 1, 0<, 81, 0, 0, 0<<<



H3 = H ** Id + Id ** H + 4
1

4
Id ** Id ** Id - s1 ** Id ** s1 - s2 ** Id ** s2 - s3 ** Id ** s3 ��

MatrixForm

0 0 0 0 0 0 0 0

0 4 -2 0 -2 0 0 0

0 -2 4 0 -2 0 0 0

0 0 0 4 0 -2 -2 0

0 -2 -2 0 4 0 0 0

0 0 0 -2 0 4 -2 0

0 0 0 -2 0 -2 4 0

0 0 0 0 0 0 0 0

Eigensystem@H3D

886, 6, 6, 6, 0, 0, 0, 0<, 880, 0, 0, -1, 0, 0, 1, 0<, 80, 0, 0, -1, 0, 1, 0, 0<,

80, -1, 0, 0, 1, 0, 0, 0<, 80, -1, 1, 0, 0, 0, 0, 0<, 80, 0, 0, 0, 0, 0, 0, 1<,

80, 0, 0, 1, 0, 1, 1, 0<, 80, 1, 1, 0, 1, 0, 0, 0<, 81, 0, 0, 0, 0, 0, 0, 0<<<

H4 = H ** Id ** Id + Id ** H ** Id + Id ** Id ** H + 4
1

4
Id ** Id ** Id ** Id -

s1 ** Id ** Id ** s1 - s2 ** Id ** Id ** s2 - s3 ** Id ** Id ** s3 �� MatrixForm

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 4 -2 0 0 0 0 0 -2 0 0 0 0 0 0 0

0 -2 4 0 -2 0 0 0 0 0 0 0 0 0 0 0

0 0 0 4 0 -2 0 0 0 0 -2 0 0 0 0 0

0 0 -2 0 4 0 0 0 -2 0 0 0 0 0 0 0

0 0 0 -2 0 8 -2 0 0 -2 0 0 -2 0 0 0

0 0 0 0 0 -2 4 0 0 0 -2 0 0 0 0 0

0 0 0 0 0 0 0 4 0 0 0 -2 0 0 -2 0

0 -2 0 0 -2 0 0 0 4 0 0 0 0 0 0 0

0 0 0 0 0 -2 0 0 0 4 -2 0 0 0 0 0

0 0 0 -2 0 0 -2 0 0 -2 8 0 -2 0 0 0

0 0 0 0 0 0 0 -2 0 0 0 4 0 -2 0 0

0 0 0 0 0 -2 0 0 0 0 -2 0 4 0 0 0

0 0 0 0 0 0 0 0 0 0 0 -2 0 4 -2 0

0 0 0 0 0 0 0 -2 0 0 0 0 0 -2 4 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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MatrixForm �� Eigensystem@H4D
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0 0 0 1 0 -2 1 0 0 1 -2 0 1 0 0 0

0 0 0 0 0 0 0 -1 0 0 0 1 0 -1 1 0

0 0 0 0 0 -1 0 0 0 0 1 0 0 0 0 0

0 -1 1 0 -1 0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 -1 0 0 1 0

0 0 0 0 0 0 0 -1 0 0 0 0 0 1 0 0

0 0 0 -1 0 0 0 0 0 0 0 0 1 0 0 0

0 0 0 -1 0 0 0 0 0 1 0 0 0 0 0 0

0 0 -1 0 0 0 0 0 1 0 0 0 0 0 0 0

0 0 0 -1 0 0 1 0 0 0 0 0 0 0 0 0

0 -1 0 0 1 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 1 0 0 0 1 0 1 1 0

0 0 0 1 0 1 1 0 0 1 1 0 1 0 0 0

0 1 1 0 1 0 0 0 1 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

>

Time this took: about 30 minutes.
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